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1 Inverse Limits, Direct Limits, and Adjoint Functors

1.1 Inverse and direct limits

Example 1.1. Consider the colimit of this diagram in Ab:

/7 —2— ... 2 zprr 2zt L
Then lim | Z/p"Z = Qp)Zy C Q/Z, where Q, is the free field of Z,. We can also show that
Qp/Zy :{a € Q/Z : p"a = 0 for some n > 0}.

Definition 1.1. A directed set [ is a set with a partial ordering such that for all ¢, j € I,
there is a k € I such that ¢ <k, j <k.

Definition 1.2. A directed category is a category where the objects are elements of a
directed set I, and there are morphisms ¢ — j iff ¢ < j. A codirected category 7 is a
category where C is directed.

Definition 1.3. Suppose Z is codirected with Obj(Z) = I and F : Z — C. A limit of F is
called the inverse limit of the F'(i) for all ¢ € I. We write lim F' = Hm, F(i).

If 7 is directed with Obj(Z) = I and F : Z — C. A colimit of F is called the direct limit



of the F(3) for all ¢ € I. We write colim F' = lim, - colim F'.

Definition 1.4. A small category Z is filtered if

1. for all 4,5 € I, there exists k € I such that there exist morphisms i — k,j — k,

2. for all k,k’ : 7 — 7 in I there exists a morphism X : j — k such that Aox = Ao &/
A category it cofiltered if the opposite category is filtered.

Cofiltered limits and diltered limits generalize inverse and direct limits, respectively.

Example 1.2. Let I be cofiltered with an initial object ¢. Thenif F': I — C, lim F' = F(e).

1.2 Adjoint functors

Definition 1.5. A functor F': C — D is left adjoint to a functor G : D — C if for each
C € C, D € D, there exist bijections n¢,p : Homp(F(C), D) — Hom¢(C, G(D)) such that
7 is a natural transformation between functors C°? x D — Sets. That is,

Homp(F(C), D) —<25 Home(C, G(D))
lh»%gohoF(f) thG(g)ohof

N’ p!

Homp(F(C"), D') —= Home(C', G(D'))

G is right adjoint to F if F' is left adjoint to G.

Remark 1.1. If F : C — D and G : D — C are quasi-inverses and 7 : id¢ — G o F is a
natural isomorphism, then we can define ¢¢ p : Homp(F(C), D) — Home(C, G(D)) given
by h — G(h) o nc. Check that ¢¢ p is a bijection. So F' is left-adjoint to G. Similarly, G
is left-adjoint to F.

Proposition 1.1. Suppose S is a set, and consider hg : Set — Set given by hs(T) =
Maps(S,T) and hs(f : T — T') = g+ fog. Then hg is right adjoint to tg : Set — Set
given by tg(T) =T x S and ts(f) = (f,idg) : T xS =T x S.



Proof. We need to find a bijection 77 ¢y : Maps(T' x S, U) — Maps(T, Maps(S,U)). We can
send f — (t — (s — f(s,t))). To show that this is a bijection, we can go backward by
sending ¢ — ((t,s) — ¢(t)(s)). Check that these maps are inverses of each other and that
this is a natural transformation. O]

Proposition 1.2. Suppose all limits F' : I — C exist. Then the functor lim : Fun(I,C) — C
giwen by F — limF and (n : F — F') — (lm F — lim F’) has a left adjoint A : C —
Fun(I,C) such that A(A) = ca is the constant functor I — C with value A.

Proof. We want a bijection n : Hompyyr,c)(ca, F') — Home (A, lim F). Let 1 : cqa — F be
n; : ca(i) — F(i) such that
~——

=A
A" F(i) A" F(i)
idA:CA(f)J lF(f) m F(f)
A" F(j) F(j)

for all f:i — j. Son; = F(f)omn; for all f:4i — j. There exists a unique morphism
g : A — lim F such that

A
ig
"/ limF \"
F(j) ) F(i)

Send 7 to g. Conversely if we have g : A — lim F', 7; = p; og is a morphism from A — F(7).
So we get 17 € Hompyy(r,c0)(ca, F). O

Definition 1.6. A contravariant functor F': C — Set is representable if there exists an
object B € C and a natural isomorphism h? — F, where h® = Home(-, B). We say that
B represents F.

Example 1.3. The functor P : Set — Set given by S +— P(S) and (f : S —T) — (V —
f~1(V)) is representable by {0,1}.



	Inverse Limits, Direct Limits, and Adjoint Functors
	Inverse and direct limits
	Adjoint functors


